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Determination of Local Phase Velocity by Intercomparison of 
Seismograms from Strain and Pendulum Instruments 1 
TAKESHI MrKuMo 2 AND KEIITI AKra 
Seismological Laboratory 
California Institute of Technology, Pasadena 
Abstract. An attempt was made to determine the local phase velocity of seismic waves by 
a combined analysis of records obtained by the strain and pendulum seismographs set up 
at a single station. The record of a strain seismograph may be reducible to the space deriva-
a tive of the ground displacement with respect to the direction of a strain rod, and the 
time derivative of the same displacement may be obtained from a pendulum record. The 
ratio of the two derivatives should then be the apparent local phase velocity of the waves 
along the direction of the instruments. An amplitude and phase compensation technique was 
applied to the two kinds of seismograms over an appropriate frequency range in order to get 
the phase velocities of seismic waves for five earthquakes recorded at Pasadena. The results 
obtained by this method show good agreement with the theoretically predicted velocities for 
body waves and, in some cases, for surface waves. This suggests that the present method may 
be useful for the identification of many unknown phases, especially of body waves and higher-
mode surface waves. It is expected that much better results could be obtained from a system 
of two-component pendulums and strain seismometers especially designed and calibrated for 
this purpose. 
Introduction. As is well known, the response 
of a strain seismograph to ground displacement 
differs from that of a pendulum seismograph in 
their directional characteristics, and the former 
depends on the phase velocity of the waves while 
the latter does not [Benioff, 1935]. A compari-
son of seismograms from the two instruments 
would therefore provide some information which 
cannot be obtained from either instrument alone 
[Benioff and Gutenberg, 1952]. 
The record of the strain seismograph may be 
reducible to the space derivative of the ground 
displacement with respect to the direction of the 
strain rod, au/ax, whereas the time derivative of 
the same displacement, au/at, may be obtained 
from the pendulum record. The ratio of the 
latter derivative to the former should, then, give 
the apparent local phase velocity of the waves 
along the direction of the strain rod. That is, 
c. = (au;at)/(au/ax). The true phase velocity 
and direction of approach of the waves could in 
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principle be determined if there were two hori-
zontal components, perpendicular to each other, 
of the respective seismographs. 
Th_e phase velocity, on the other hand, can be 
determined from a direct time delay measure- · 
ment for the well-dispersed wave train [Press, 
1956; Brune et al,,, 1960] and also by the Fourier 
phase-spectrum method which was successfully 
applied to the less dispersed waves such as G 
waves [Sato, 1958; Toksoz and Ben-Menahem, 
1963]. The seismometer array, of which a tri-
partite. net is the simplest, has often been used 
to measure the local value of phase velocities. 
It would be rather difficult, however, to apply 
these methods to a long train composed of many 
kinds of waves, including body waves, unless the 
corresponding waves are clearly identified at 
more than two stations. 
An advantage of the present method is that 
it enables us to determine the phase velocity of 
seismic waves from the amplitudes, instead of 
the time delays, recorded by the two kinds of 
seismographs set up at a single station. This 
serves to identify various phases over an entire 
seismogram, an objective which may easily be 
attained by the rapid automatic computation 
technique to be described. 
Technique. The technique of obtaining the 
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phase velocity from the strain and pendulum 
records is now described. 
Let u(t) be the horizontal ground displace-
ment of a linearly polarized wave with a phase 
velocity c, let Ui ( t) be the component of u ( t) 
along the direction of a strain rod, and let u,,(t) 
be the total strain or relative displacement of 
piers at a distance of L. Then we have Ui(t) = 
p(a)u(t) and u,,(t) = f/p(a) (iJu/ax)dx, where 
a is the angle between the rod and the direction 
of propagation of waves, p(a) takes a value of 
cos a for the apparent longitudinal waves and 
-sin a for the apparent transverse waves. u,(t) 
can be rewritten in the following form by using 
the relation au/ax= -(cos a/c)iJu/at: 
L au 
U2(t) = ~ S(o:) at s(o:) = -p(a) cos o: 
[Benioff, 1935]. On the other hand, the relation 
between u, ( t) and its Fourier transform U, ( w) 
is expressed by the formulas, 
ui(t) = 
2
1 f 00 U,(w)/"'' dw 
7r -oo 
and 
U,(w) = J_: u,(t)e-'"' 1 dt 
The pendulum and strain records, fp(t) and 
f. ( t), can be expressed by the following equa-
tions, if their Fourier transforms are denoted 
by F9 (w) and F.(w) and if the frequency re-
sponse functions of the two seismographs to the 
ground displacement are Rp(w) and R,(w) and 
that of the strain seismograph to the ground 
velocity is R'. ( w) : 
fp(t) = 
2
1 f 00 F,,(w)e'"'' dw 
7r -oo 
= ;'Ir J_"'., R,,(w) U1(w)e'"'' dw 
= K,,p(a) ._!_ {"' R,,(w)e'""""> U(w)e'"'' dw 27r • _.,. 
(1) 
f.(t) = 2
1 J"' F,(w)e'"' dw 
7r _., 
K.s(a) f._!_ J"' b,(w)e''"<"> U(w)e'"'' dw 
c 27r _.,. 
(2) 
since R,,(w) Kif,,,(w) e'"•<"'>, R.'(w) = 
-iR,(w)/w, and R,(w) = K,R,(w) e•<P.C"'>, 
where R,,,,(w) and 'P,,,,(w) are the amplitude and 
phase spectrums, and K 11 •• the instrumental 
constants, of the two seismograph systems, 
respectively. In the case of an electromagnetic 
pendulum seismograph and a strain seismograph 
with a velocity transducer, the frequency 
responses are 
where 
A(w) (w2 - w12)(w2 - w22) 
- 4~1E2(l - cl)"11 
B(w) = 2w[E1(c/ - w22) + E2(w2 - w12)] 
and 
R,(w) = w2/{[C(w)]2 + [D(w)]2} 1''} (4) 
<p,(w) = tan- 1 [D(w)/C(w)] 
where 
C(w) 
D(w) = 2e/w 
In equations 3 and 4, w1, w., and w.' are the natu-
ral frequencies of the pendulum, of the connected 
galvanometer, and of the galvanometer con-
nected to the strain seismograph, respectively; 
£1, £., and ~; are the corresponding damping 
coefficients, and u• is the coupling constant. 
Figure 1 shows the theoretical amplitude re-
sponse curves for the Benioff long-period seis-
mograph (T1 = 1 sec, T. = 90 sec) and for the 
Benioff strain seismograph with a 75-sec galva-
nometer. The corresponding phase response 
curves are shown in Figure 2. It is to be noted 
that the phase delay of the strain seismograph 
should be zero for the infinite frequency, if we 
take a value of rr/2 for the corresponding delay 
for the pendulum seismograph. 
To obtain the phase velocity from the strain 
and pendulum records it is not always necessary 
to compute the space and time derivatives of 
the true ground displacement. In the present 
case, the ground displacements, instead of these 
derivatives, are computed from the reepective 
seismograms. The method of amplitude and 
phase equalization, which was first introduced 
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u(T) = ____!_(._) J r,,(t)f,,(t + T) dt K,,pa (6) 
Likewise, a similar equation should be obtained 
from the strain record, if the phase velocity 
0.01 ~---+--+-..;;:._-l--+-*-=--T-t----i 1· 0 can be assumed to be constant without respect 
STRAIN: 
0.1 1.0 10 100 
PERIOD IN SEC. 
Fig. I. Amplitude response curves of BL·nioff 
strain and pendulum seismographs. 
by Tukey [1959] and later developed by Aki 
[1960], was used for this purpose. We shall first 
compute the following time function from the 
frequency response of the instruments: 
where 
r,,..(t) = i R,,,. *(w)e;.,, dw (5) 
R *f ) = e-; ..... c,,J/R fw' Jll,a \WJ v,a\1 ') 
The function rp, ,(t) is a compensator which re-
stores the ground displacement over a certain 
frequency range n by compensating for the dis-
tortion in the amplitude and phase that is intro-
duced by the seismographs. 
The next step is to convolve this func-
tion with the original seismogram. The ground 
displacement can be obtained from the pendu-
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Phase response curves of Benioff strain 
and pendulum seismographs. 
to frequency, at a certain time range 
u(T) = ~~ta) J r,(t)f,(t + r) dt (7) 
Equating the two expressions given above, we 
get the apparent phase velocity, 
J r,,(t)Mt + T) dt 
c(T) = L K, K fv(r) 
cosa K J - J,(T) P T,(t)f,(t + T) dt 
(8) 
The mean phase velocity over a time interval 
between t 1 and t.. may be defined by 
1 J'· IMT)I dT 
.Ji)_ = K t2 - tz ,, 
1 f'' (j,(T)( dT t2 - t. ,, cos a 
(9) 
which indicates that the mean velocity can be 
obtained from the mean absolute amplitudes on 
pendulum and strain records over the time 
interval. 
The compensation function r,,,(t) was com-
puted by the foliowing approximation [A.ki, 
1960], under the condition that IR •.• *(b;)J = 1/ 
R , .. ( w) when w1 < w < w2 and otherwise it is 
zero, 
r •.• (t) = 2 r· IR •.• *(w)I 
•w, 
·cos [wt - ~ •.• (w)J dw 
= 2 ~ 1~~::~1,: 2 IR •.• *(w) I 
·cos [wt - ~ •.• (w)] dw 
, * sin (t:i.w,.(t - t,)/2) ~ 2 ~ IR •.• (w,) I Aw, Aw;( t - t;)/2 
•COS (w;t - W;Tp,,J (10) 
where r •.• , = 'f'P.•(wi)/w• and t. = (a'1' ... /aw)1. 
In our computer program the second-order cor-
rection was made to (10), following Dr. Hark-
rider's program. 
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Fig. 3. Response of digital filter and compensa-
tion function applied to the strain record. 
Figure 3 shows an example of the theoretical 
values of R,*(w) and the compensation function 
r,(t), and Figure 4 of R,,*(w) and r,,(t). The 
cross-correlation process works as a low-pass 
filter to cut off the waves with frequencies 
higher than w2 and as a high-pass filter for fre-
quencies lower than w,. In the examples given 
above, 30 frequency bands were used between 
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Fig. 4. Response of digital filter and compensa-
tion function applied to the pendulum method. 
w. = 0.0785 radian (80 sec) and w. = 0.3142 
radian ( 20 sec) . The time in tegra ti on was car-
ried out using 361 points spaced at 2-sec in-
tervals. A finite time length of the compensator 
carries systematic errors in the integration. For 
the purpose of examining the effect of the er-
rors, the compensation function with the same 
time length as adopted in its application to the 
actual records was operated on purely sinusoidal 
waves with various frequencies by using a com-
puting program designed by Dr. M. Shimshoni. 
The results are shown by dots in Figures 3 and 
4, in comparison with the theoretical responses. 
The errors will be corrected in the subsequent 
computation of mean amplitudes. The com-
pensated seismogram will be given in the next 
section. These computations were done by an 
IBM 7090 computer at the California Institute 
of Technology, using a program which was de-
signed in such a way that the constants of the 
seismographs and the degree of approximation 
could be introduced arbitrarily. 
To estimate the absolute value of phase ve-
locity, we must know the coefficients included 
in equation 8 or 9. Kv for an electromagnetic 
seismograph and K, for a strain seismograph 
are [Mikumo, 1963] 
K - 47r2G,, K = 47r2G, ( ) 
" S,,T22 Z,,/µ,, • S,T2
12Z./µ, 1l 
where G,, and G, are the voltage sensitivities of 
the seismograph transducers, S,, and S, are the 
current sensitivities of the galvanometers, T2 
and T'. are the free periods of the galvanom-
eters, Z,, and Z, are the circuit impedances, and 
µ,, and µ., are the attenuation factors in the cir-
cuit. In the Benioff seismograph systems at the 
Seismological Laboratory in Pasadena, _the rough 
values of these constants are T. = 90 sec, 
T'. = 75 sec, G,, = 7.2 volts sec/cm, G, = 12 
volts sec/cm, S,, = 1 X 10-1• amp/mm, S, = 
2 x 10-10 amp/mm, Z,, = Z, = 1000 ohms, 
µ, = µ., = 1, and L = 20 m. With these values 
we get K,/K, = 1.2 and K = 2.4 X 10" cm/sec. 
However, these constants are not known ac-
curately enough to permit us to determine the 
absolute phase velocity. An alternative method 
will be adopted in the next section. 
Analysis of seismogram. Table 1 summarizes 
five shocks used in the present analysis, with 
the date, origin time, location of epicenter, focal 
depth, magnitude, epicentral distance to Pasa-
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TABLE 1. List of Earthquakes 
Origin 
Time 











deg Shock Date 
" rp 
New Zealand Sept. 6, 1943 03 41 15 158.0 E 55.1 s Shallow 
Volcano Islands May 30, 1055 12 31 41 142.5 E 24.5 N 600 









306.3 Japan Jan. 22., 1959 05 10 25 142.3 E 
Montana Aug. 18, 1959 04 04 03 111.6 w 
Range of digital filter applied to each seismogram: 
New Zealand 20-80 sec 
Japan 20-80, 10-80 
Volcano Island 15-65, 10-80 
Mexico 15-65. 10-60 
Montana 10-60. 
dena, and azimuth of the great-circle path at 
Pasadena. 
Figure 5 shows a record of the ground dis-
placement (thick line) f,(T) in equation 8, in 
the NS direction obtained from the pendulum 
seismogram of the Japan shock in 1959 and the 
corrected strain record (thin line), obtained by 
means of the technique described above. Waves 
having periods shorter than 10 sec and longer 
than 80 sec were cut off in the process of com-
putation. Both records show good agreement in 
phase, so that the apparent phase velocity can 
be determined from their amplitude ratio. The 
ratio jp( T) /f. ( T), denoted by black dots, for 
each of the corresponding peaks and troughs, is 
high for body wave parts, such as S, SS, and 
SSS waves, and of slightly lower value for Love 
.. 
... 
37.9 N 30 
44.\J N Shallow 23.4 
waves, and it decreases further for Rayleigh 
waves and coda parts, except for some remark-
able phases. The records of the Montana shock 
in 1959, compensated in the same way, are shown 
in Figure 6. In this case the amplitude ratio 
fluctuates in the surface wave parts. Figure 7 
illustrates the corrected seismograms (N-S com-
ponent) of the other three earthquakes, in which 
S or PS phases and some other surface-reflected 
body waves are also identified by the ratios and 
travel times. The mean amplitudes for each of 
these waves were obtained on both records by 
averaging the absolute amplitudes over the ap-
propriate time interval. A correction was then 
applied to the respective mean amplitudes, to 
reduce the error that is expected to result from 
the approximation for the theoretical response 
. . . . . . . . .. · .. · 
. . .. . .... .. . . . . .. . . . ...... ,. .. . . . . 
-----·--------~---·· __ !._ 
• 
..... -.. .... .. .. ........  
... . 
. .. ... · ... 
. . 
. ..... . ... 
Fig. 5. Corrected pendulum and strain records and amplitude ratios for the Japan shock of 
Jan. 22, 1959 (h = 30 km, M = 7, .i = 76.7°). 
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XI X2 
Fig. 6. Corrected pendulum and strain records and amplitude ratios for the Montana shock 
of Aug.18, 1959 (M = 6, ~ = ll.8°). 
as shown in Figures 3 and 4. After the correc-
tion, the ratio of the mean amplitudes was de-
termined using (9). 
The theoretical apparent. velocities of these 
body waves can be calculated from the Jeffreys-
Bullen table and from the direction of great-
circle path for the particular earthquake. Com-
paring the theoretical velocities with the ob-
served mean amplitude ratios for twelve body 
wave measurements, we found a good linear re-
lation between them (Figure 9). The instru-
mental constant K was determined to be 3.082 
x 10• from this relation by the method of least 
squares. The determined value of K is larger by 
about 20 per cent than that estimated roughly 
from the experimental data by ( 10), but the 
discrepancy is not unexpected in view of the 
accuracy with which the instrumental constants 
---1 I min. f--
Fig. 7. Corrected pendulum and strain records for the New Zealand, Mexico, and Volcano 
Islands earthquakes. 
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are known. This value of K can be used to as-
sign absolute values of phase velocities to the 
mean amplitude ratios. 
The apparent phase velocities, thus deter-
mined, along the NS direction for some body 
waves and surface waves are tabulated in Table 
2 together with their theoretically expected val-
ues. The theoretical velocities of surface waves 
were computed from Press' [1960] model for a 
continental path and from the model of Sykes 
et al. [1962] for an oceanic path under the as-
sumption that the waves have approached the 
station along the great-circle path. 
The local phase velocities for some of the 
earthquakes were determined also by a conven-
tional station array method to compare with the 
results obtained by the present technique. The 
records of Benioff long-period vertical and hori-
zontal seismographs at Pasadena (118°10.3'W, 
34°08.9'N), Riverside (117°22.5'W, 33°59.6'N), 
Barett (l16°40.3'W, 32°40.S'N) and Hayfield 
(l15°38.2'W, 33°42.4'N) in southern California 
TABLE 2. Comparison of Theoretical and Observed Results 
Shock 
Montana 
l1 = 11.9° 
Mexico 
l1 = 26.0° 
Japan 
l1 = 76.6° 
Volcano 
Islands 
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Shock sec km/sec deg 
R? 41 55 ') -wv 8.15 5.39 
23 8.04 3.66 
22 8.00 4.75 
21 7.95 5.09 
20 7.87 3.69 
19 7.80 3.37 
18 7.78 3.62 
New Zealand PS 29 05 50 15.19 15.4 
SS 35 15 43 10.76 10.5 
Ll = 113.7° SSS 39 31 36 9.34 8.7 
G 44 59 80 5.94 5.96 
58 5.83 5.76 
46 5.76 5.69 
28 5.64 4.77 
R 51 19 36 5.21 6.32 
22 5.15 6.42 
20 5.10 6.03 
19 5.07 5.93 
* Indicates the values obtained from a network of Pasadena-Barett-Hayfield. The other data were 
determined from Pasadena-Riverside-Barett network. 
The 'apparent velocity' in this table means the apparent phase velocity along the NS direction. 
were analyzed for this purpose. The results ob-
tained for the Japan and Mexi~o earthquakes 
are also listed in Table 2, but the phase ve-
locities of body waves other than the first P and 
S waves could not be determined by this method. 
As can be seen in Figure 8, the apparent phase 
velocities determined from the strain and pen-
dulum records are not always consistent with 
the values from the station array, except for 
body waves. This may suggest that the former 
are controlled by the localized values of the ve-
locities and the latter represent the velocities 
averaged over a certain area. 
Discussi,on. Figure 9 shows a relationship be-
tween the apparent phase velocities along the 
NS direction as determined by the present tech-
nique and their theoretically predicted values. 
For body waves in the five earthquakes listed in 
Table 2, a good agreement was found between 
the two with a standard error of 0.48 km/sec 
(0.28 km/sec without the Mexico shock), for 
any direction of wave approach to Pasadena. 
This indicates that the direction of propagation 
of body waves having periods longer than 10 sec 
did not greatly deviate from the great-circle 
path; hence they were not subjected to the 
effect of inhomogeneities of crustal structure. 
The tripartite results also support this fact. It 
may safely be said from this result that the 
phase velocities of body waves are expected to 
be determined with a probable error of 5 per 
cent by the present method of using the strain 
and pendulum seismograms. 
On the other hand, the velocities obtained for 
surface waves do not always agree with their 
theoretical values. It may be that the direction 
of propagation of surface waves sometimes de-
viates from their great-circle paths owing to re-
fraction ca.used by variations of crustal struc-
ture, as suggested later by some of our tripartite 
results. Looking at the data of Love waves for 
New Zealand and Mexico earthquakes and Ray-
leigh waves for the Japan shock, we see that the 
observed values agree fairly well with the theo-
retical. However, the somewhat scattered values 
in each ofthe wave groups do not permit us to 
make statements concerning dispersion of the 
waves. Thus there is a limit to the accuracy of 
the present technique when applied to surface 
waves. 
























V (km/sec) (TRIPARTITE) 
Fig. 8. Comparison of phase velocities derived 
from strain and pendulum records and from tri-
partite method. 
In the Japan shock the observed velocities of 
Love waves are significantly higher than the 
theoretical. The discrepancy may be partly 
reconciled by taking into consideration that the 
waves may have been refracted at the con-
tinental boundary, assumed to lie in the direc-
tion of N40°W, that Press' model applies to 
the continent, and that Sykes' model applies 
to the ocean. The continental boundary, if it 
exists, should also give some effects on propaga-
tion of Rayleigh waves. Such refraction has 
been observed [ Evernden, 1954; Press, 1956] 
and was actually ascertained by our tripartite 
result. However, the observed phase velocity 
from the strain and pendulum records shows a 
value consistent with waves traveling along the 
great-circle path. A possible explanation of this 
discrepancy may be that the observed velocity 
of Rayleigh waves at Pasadena bad not yet been 
strongly affected by refraction. 
We can find a prominent wave of SH type 
with a large amplitude and a high group ve-
locity ( 4 .6 km/sec) 3 minutes after the SSS 
waves on the seismogram of the Volcano Islands 
shock, as shown in Figure 7. There is a possi-
bility, judging from its high group velocity, that 
the wave in question could be a higher mode of 
Love waves, because more efficient radiation 
may be expected of higher-mode waves than of 
the fundamental mode from such a deep earth-




























Fig. 9. Observed and theoretical apparent phase 
velocities. 
Anderson and Toksoz [1962] shows that the 
group and phase velocities of the sixth-mode 
Love waves at a period of 30 sec have velocities 
of nearly 4.6 and 6.2 km/sec, respectively, for 
CIT 6 oceanic structure. The observed values 
for both the velocities seem to be consistent 
with this interpretation. The effect of the con-
tinental boundary may probably be neglected 
for these higher-mode waves, as their properties 
should primarily be influenced by the upper 
mantle. 
The observed phase velocities of Rayleigh 
waves from the same shock are much lower than 
the theoretical values for the fundamental mode. 
Theoretically, it is unlikely that the funda-
mental mode of Rayleigh waves is generated 
from an earthquake of such great focal depth. 
However the Rayleigh waves cannot be a higher 
mode, because of their observed low velocities. 
Consequently, these waves may be considered as 
Rayleigh waves converted near the epicenter 
from some other kind of waves, as the observed 
arrival times indicate that the waves have 
traveled as Rayleigh waves almost over the en-
tire path. 
It was found that our method up to this point 
can be effectively used to estimate the apparent 
velocity of body waves and may also be applied 
to the identification of higher modes of surface 
waves. It would therefore be possible to pick 
many of the unidentified phases on a seismo-
gram by this technique. 
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TABLE 3. Remarkable Phases 
Travel 
Time Period, 
Shock Phase rn s sec 
Montana Xl 8 12 10 
X2 9 59 10 
Mexico Xl 11 52 40 
X2 19 08 12 
X3 20 41 16 
Japan Xl 49 10 27 
X2 52 04 24 
Valcano Islands Xl 24 27 32 
X2 35 31 20 
X3 37 13 24 
New Zealand Xl 31 43 64 
X2 42 09 46 
Some remarkable phases can be detected on 
the seismograms of the aforementioned five 
earthquakes. Table 3 summarizes these phases 
with their travel times, periods, and apparent 
velocit·ies along the NS direction as obtained by 
the present method and the true phase velocities 
that are expected. The phase denoted by XI in 
the Volcano Islands shock is rather difficult to 
identify from the groups pScS, sS, and sScS 
solely on the basis of travel time. The theoreti-
cal apparent velocities of these waves are 12.75, 
10.10, and 12.61 km/sec, respectively. Our 
method gave a value of 10.19 km/sec for the 
wave, which must therefore be identified as sS. 
The travel-time difference between sS and S will 
be useful for an accurate determination of the 
focal depth. The observed apparent velocity to-
gether with the travel time can identify the 
phase X2 in the New Zealand earthquake. It 
must be the shear wave reflected four times at 
the earth's surface, namely SSSS. Most of the 
other phases have not yet been identified. But 
among them, the long-period waves Xl in the 
New Zealand and Mexico earthquakes, and a 
clear body wave Xl with a large travei time in 
the Japan shock, seem worthy of further in-
vestigation. Better results might be expected 
for longer-period surface waves that are less 
sensitive to structural variations along the prop-
agation paths. 
The method could be considerably improved 
if two horizontal components of the strain and 
Identification 
Observed 
Apparent Expected Observed 
Phase Phase Phase 
Velocity, Velocity, Velocity, 












8.88 6.94 ssss 6.84 
pendulum seismographs were used together and 
if calibration curves were more precisely known. 
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